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The eﬀective labor possibility frontier (ELPF) is deﬁned as the set of statically
eﬃcient allocations of labor inputs in the competing tasks of production and R&D. It
summaries the labor scarcity constraint. We show that the dynamically eﬃcient paths
of R&D, resource extraction and consumption depend on the shape of the ELPF, while
their steady state levels do not. In the case of an initial low endowment of resources,
the transition to the stationary state is characterized by lower R&D eﬀort, slower
growth of per-capita consumption and a longer transition when labor is relatively
specialized than when it is more ﬂexible. We analyze policy options for modifying the
shape of the ELPF, such as increasing the size of the labor force, subsiding higher
education or lifelong learning.
Keywords: Exhaustible resources and R&D, Labor allocation, Education policy
JEL Classiﬁcation Codes: Q010, Q300, I200, J000
∗We are grateful to Fabrice Collard and Bertrand Magn´ e for their help. We have also beneﬁted of
comments and suggestions by participants at SURED 2006 workshop and at ERE 3rd World Congress.
We would like to thank INRA for ﬁnancial support. F. Ricci also acknowledges ﬁnancial support from the
ANR (grant CEDEPTE).
†Universit´ e de Toulouse 1 and INRA (IDEI and LERNA), 21 All´ ee de Brienne, 31000 Toulouse, France.
E-mail: amigues@toulouse.inra.fr
‡Universit´ e de Toulouse 1 (IUF, IDEI and LERNA), 21 All´ ee de Brienne, 31000 Toulouse, France.
E-mail: mmoreaux@cict.fr
§Universit´ e de Cergy-Pontoise (THEMA) and LERNA. Adress: THEMA-UCP, 33 bd du port, 95011,
France. E-mail: ricci@eco.u-cergy.frSummary
Natural resource economics points to the necessity of investing in R&D targeting resource
augmenting technological progress. In a parallel, but seemingly disconnected, public de-
bate concerns are expressed on the ability of our economies to maintain a steady R&D
eﬀort. Human resources appear in fact scarce, in particular for their crucial role in per-
forming R&D tasks, adapting to and adopting new technologies. In this paper we bring
these two issues together and ask whether and how the scarcity of human resources frus-
trates society’s ability of facing up to the constraint imposed by natural resources scarcity.
We provide a formal concept for human resource scarcity, by deﬁning the eﬀective
labor possibility frontier (ELPF) as the statically eﬃcient set of labor allocations between
the two competing tasks: production and research. The shape of this frontier summarizes
at once the size of the labor force, the distribution of skills over the population, and
thus the opportunity cost of R&D in terms of forgone inputs to production. A linear
ELPF is commonly assumed, but a concave frontier is a more general case, resulting of an
heterogeneous distribution of skills across the population.
We analyze how the shape of the frontier aﬀects the socially optimal plan of resource
extraction and R&D investment. To do this we introduce a concave ELPF in a well
understood macroeconomic model with an essential non renewable resource and resource-
augmenting technological progress brought about by labor-intensive R&D activity.
We ﬁnd that the shape of the ELPF aﬀects the economy during the transition phase
to the long-term equilibrium, but does not aﬀect the latter. This is due to the fact that
the economy reaches a steady state where the allocation of labor between sectors is stable.
During the adjustment phase instead workers are relocated between sectors, and therefore
their ﬂexibility in performing diﬀerent tasks matters. In an economy where workers are
equally eﬀective in the two tasks, R&D activity is greater and the transition faster if
initially the natural resource is scarce, than in an economy where labor is specialized.
We then turn to policy implications. We consider policies that permanently aﬀect the
shape of the frontier. A proportional outward shift could result of demographic expansion
or immigration. This case allows society to beneﬁt of a greater steady ﬂow of per-capita
consumption in the long run. In fact, more labor can be devoted to production (a scale
eﬀect), and less workers need to be employed in R&D: a larger labor force implies that a
larger number of eﬀective researchers is available, increasing their average productivity in
R&D (a labor deepening eﬀect).
Education policies can also aﬀect the shape of the ELPF. We consider the case of
investment in higher education. This is formalized as a shift of the frontier raising the
availability of researchers, but reducing their productive capacity at least beyond a certain
level of production activity. We also analyze the case of a paradigm shift from specialized
education to general education. Formally the degree of concavity of the frontier is reduced,
improving the ﬂexibility of workers. Both of these education policies allow society to
accelerate the transition to their long term equilibrium. They may however entail a trade-
oﬀ between short term and long term objectives. For instance investing in higher education
in a resource scarce economy would allow society to shorten the transition phase, but may
prove permanently costly if the long run R&D eﬀort is relatively low.Resource-augmenting R&D with heterogeneous labor 1
1 Introduction
Policy-makers and observers are increasingly concerned about the economy’s ability in
generating, and keeping up with, a suﬃcient pace of technological progress to foster eco-
nomic growth and face with increasing competitive and globalized markets. At its highest
institutional level the European Union has made explicit -with the 2000 Lisbon Strategy
for Growth and Jobs- its objective of promoting innovation and its diﬀusion. According
to the European Commission “productivity growth require[s] a continued investment in
a highly skilled and adaptable workforce. Economies endowed with a skilled labor force
are better able to create and make eﬀective use of new technologies.”1 Recently, reforms
of public ﬁnancing schemes for research have been implemented (e.g. in Great Britain,
Germany and France) and the average duration of higher education curricula has been
increased (e.g. in Spain, Italy and France). There is a clear public concern for providing
the economy with a suﬃcient supply of skilled workers able to eﬀectively perform R&D
tasks, or adapt to and adopt new technologies. The scarcity of such skills within the
European labor force is perceived as a major constraint for its competitiveness.
A related concern is raised by commentators in the US. The dependance of the national
research system on the supply of researchers from abroad was noticeable following the fall
of the Berlin wall and the VISA restrictions in the aftermath of the terrorist attacks
of 2001. The ﬂow of foreign graduate students aﬀects the academic research sector, with
spillovers on private R&D. The instability of this ﬂow, and its unpredictability, are sources
of public concern. Some observers suggest that the national system of higher education
should provide a larger and steadier supply of graduate students and researchers, as a
strategy to ensure the sustainability of US technological leadership (Romer, 2000).
On the one hand, the level and the scope of this debate demonstrate increasing political
awareness of the scarcity of human resources necessary to fuel a continuous and rapid
pace of technological change and economic growth. On the other hand, well established
wisdom in natural resource economics suggests that overcoming the constraint imposed by
1Citation from the web-site of the European Commission on Growth and jobs, working together for Eu-
rope’s future available on the internet at the address http://europa.eu.int/growthandjobs/areas/ﬁche10 en.htm.Resource-augmenting R&D with heterogeneous labor 2
the scarcity of natural resources on future production requires appropriate investment in
R&D, targeting resource augmenting technological progress (e.g. Aghion and Howitt 1998
ch. 5, Amigues et al. 2004 a,b, Tsur and Zemel 2005). We therefore raise the question
of whether and to what extent the scarcity of human resources available to perform R&D
can frustrate society’s ability of facing up to the constraint imposed by natural resource
scarcity. In this paper we set up a theoretical framework to shed some light over this
-previously unexplored- double scarcity problem.
We conduct a normative analysis of the strategies of resource extraction and labor
allocation between the two possible tasks: production and R&D. This paper builds on
previous work by Amigues, Grimaud and Moreaux (2004), Amigues, Long and Moreaux
(2004) and Amigues and Moreaux (2004). We consider an economy dependent on the ex-
traction of a non renewable natural resource. We assume a Leontief technology to produce
the consumption good, which employs labor and the natural resource. We suppose that
R&D activity may use labor to improve the eﬃciency of a unit of natural resource for pro-
ducing the consumption good. Resource augmenting technological progress is endogenous
and eﬀective, because its potential contribution to production is unbounded.2
Here we extend the analysis to examine how the heterogeneity of the labor force aﬀects
the eﬃcient allocation policy. Heterogeneous workers can be ranked in terms of their
comparative advantage in performing production relative to R&D tasks. Adopting this
static eﬃcient allocation rule, we deﬁne the set of feasible combinations of eﬀective labor
input in production and in R&D as the eﬀective labor possibilities frontier of the economy
(ELPF). This frontier summarizes information concerning the size of the labor force and
the distribution of skills across it. The opportunity cost of R&D in terms of production
factors is plausibly an increasing function of the level of R&D activity. In fact a small R&D
sector can employ the best researchers, while a large one will need to employ relatively
less performing researchers. The shape of the ELPF speciﬁes precisely this trade-oﬀ.
In the next section we set up the problem and introduce the concept of ELPF. Next
2This assumption is unrealistic in the light of the second principle of thermodynamics. However it
provides a useful benchmark for theoretical analysis, because it allows steady state equilibria with positive
consumption to emerge as socially eﬃcient policies.Resource-augmenting R&D with heterogeneous labor 3
we study the dynamics of the system, determining the properties of the steady state
equilibrium and exploring the role of the ELPF in shaping the socially optimal trajectory
of the economy. In section 4 we consider alternative public policies for modifying the
eﬀective labor possibilities frontier. The ﬁrst type of policy allows society to shift outwards
the frontier by increasing the size of the labor force, but leaving unchanged the level and
distribution of skills. Demographic or immigration policy enter in this category. The
second class of policies entail a shift of the ELPF toward eﬀective R&D labor inputs
and away from production. This shift would result for example of investment in higher
education and training. Finally a third type of policy would reduce the degree of concavity
of the ELPF by improving workers’ ability to adapt to diﬀerent tasks. This kind of change
may arise from a shift in education policy from specialized training to the provision of
general education. We draw conclusions in the last section.
Several papers are related to ours. From a methodological point of view, our approach
is in line with seminal work that studied the role of investment in physical capital within
growth models with exhaustible resources to establish conditions under which it is feasible
or socially desirable to maintain steady ﬂows of consumption (see Dasgupta and Heal
1979 for a synthesis of the early literature). Nevertheless we do not allow for capital
accumulation or substitution between factors in production. Endogenous growth theory
based on intentional investment in resource-augmenting R&D has been used to explore
similar issues. Smulders and de Nooji (2003) and Van Zon and Yetkiner (2003) consider
cases with an exogenous evolution of the price of the natural resource, constant in the
former and exogenously increasing in the latter. Instead Aghion and Howitt (1998, ch. 5),
Schou (2000), Grimaud and Rouge (2003) allow for endogenous determination of resource
prices. All these papers consider only the case of linear ELPF, i.e. when labor is perfectly
substitutable between production and R&D.
A strand of literature deals more explicitly with the process of development of re-
source substitutes and/or reduction of the resource extraction cost. The early approach
assumed discrete introduction of backstop technologies (Dasgupta et al. 1977, Davison
1978, Kamien and Schwartz 1978). More recently Tahvonen and Salo (2001) and Tsur andResource-augmenting R&D with heterogeneous labor 4
Zemel (2005) consider cases of endogenous and continuous processes. The former however
rely on the assumption of unintentional technological progress (i.e. learning-by-doing).
Tsur and Zemel consider explicitly R&D eﬀort and show, as we do, that relatively resource-
poor economies have relatively strong incentives to engage in R&D activity. Diﬀerently
from us they ﬁnd that only economies initially endowed of a suﬃciently large amount
of physical capital and of technological knowledge can aﬀord R&D programs ambitious
enough to sustain a growing (constant in our framework) consumption path. Although
their model diﬀers in several dimensions from ours, the crucial diﬀerence lies in the as-
sumed nature of R&D rival inputs: output in Tsur and Zemel, eﬀective labor here. As
shown by Groth (2006), when ﬁnal output enters the R&D production function, resource
scarcity indirectly limits inputs to resource-augmenting R&D, impending the economy’s
ability to overcome scarcity constraints. The assumption of labor intensive R&D activity
is more compelling for focusing attention on the heterogenous ability of workers to perform
research versus production tasks, and for analyzing education policy.
The appendix presents the analysis for the two extreme cases in which it is assumed that
labor is either fully specialized (appendix A.3) and of perfectly substitutable (appendix
A.4).
2 The model
We consider an economy in which the population and the distribution of all characteristics
pertinent for the determination of its productive capacity are constant over time.3 We
assume that the labor supply of any member of this population is inelastic, whatever its
characteristics. Thus we may normalize to unity the total raw labor supply at each point
in time.
Our normative approach relies on the assumption that a benevolent social planner
seeks to maximize welfare generated by the stream of consumption c ≡ {ct}
∞
0 . Welfare is
3In section 4 we perform comparative statics exercises on these parameters.Resource-augmenting R&D with heterogeneous labor 5





The analysis is carried out for the case of iso-elastic utility functions, assuming u(ct) ≡
c1−ε
t /(1 − ε) with ε > 0 and ε 6= 1.
The economy can produce some Hicksian consumption good from labor and a non
renewable natural resource. Labor and resource are assumed to be strict complements.
Let yt be the instantaneous production rate of the consumption good, lt, the labor input
expressed in eﬀective units and st the resource input measured in physical units. The eﬃ-
ciency of each production factor, lt and st, depends upon speciﬁc technological knowledge.
For simplicity we assume that only the resource eﬃciency index can be improved through
dedicated research eﬀort (R&D). Let A be the constant eﬃciency index of eﬀective labor
inputs in the consumption good industry, and Bt be the eﬃciency index of resource use
at time t. Inputs measured in eﬃciency units are then Alt and Btst, and the consumption
good production function is
yt = min{Alt,Btst} (1)
The Leontief production function is extreme in making the eﬃciency units of natural
resource an essential input. Of course knowledge, as measured by Bt, can substitute for
physical resource inputs. This speciﬁcation allows us to distinguish clearly the role played
by production versus R&D activity.
If the natural resource is scarce (and work is costly relative to unemployment) a static
eﬃciency condition follows
Btst = Alt (2)
The research sector employs labor inputs nt measured in eﬀective units. Its output isResource-augmenting R&D with heterogeneous labor 6
expressed in terms of the rate of growth of the resource productivity index Bt
˙ Bt/Bt = bnt
with b > 0. This assumption can also be interpreted as saying that the stock of current
technical knowledge, measured by Bt, enters as a (non-rival) factor with constant returns
to scale in the production of new technology, i.e. the ﬂow ˙ Bt.4
The speciﬁcity of the paper lies in the analysis of the role played by the degree of
ﬂexibility in labor allocation between the two productive activities: production of the
perishable consumption good and research. We suppose in fact that workers diﬀer in their
ability in performing these two tasks. In such a case we can rank workers according to
their comparative advantage and state the following
Deﬁnition 1 The eﬀective labor possibilities frontier (ELPF) is the locus of inputs in
eﬀective units under eﬃcient allocation of labor between tasks:
lt = ˆ l(nt), nt ∈ [0, ¯ n], ˆ l0 < 0, ˆ l00 ≤ 0
The left panel of ﬁgure 1 depicts the ELPF as the function ˆ l(n) giving the maximum
eﬀective labor input in production for any level of eﬀective R&D employment. The maxi-
mum research labor input obtained by employing all the labor force in R&D is deﬁned by
¯ n. The symmetric concept for eﬀective labor input in production is given by ¯ l ≡ ˆ l(0). The
panel on the right of ﬁgure 1 translates the constraint given by the ELPF to the production
possibilities frontier (PPF) in terms of rate of growth of resource eﬃciency (i.e. R&D)
and consumption (I.e. production), abstracting from the constraints imposed by natural
resource scarcity (which may limit the production capacity). The common assumption
retained in the literature on growth theory (e.g. Romer 1990, Aghion and Howitt 1992,
Jones 1995) and natural resources economics (Aghion and Howitt ch. 5 1998, Schou 2000,
4Constant returns in R&D with respect to accumulated technological progress (the state of knowledge,
Bt) is crucial to maintain constant the ﬂow of eﬀective units of natural resources in production, and
therefore per-capita consumption constant in the long run (see Rebelo 1991, and Jones 1995).Resource-augmenting R&D with heterogeneous labor 7
Amigues et al. 2004) is that the ELPF be a linear function.5
Combining (1), (2) and ct ≤ yt to restrict attention to statically eﬃcient paths, we
have:
ct = Alt = Btst where lt = ˆ l(nt) (3)
The social planner problem may be formulated as a problem with only one control variable
and two state variables. We choose the formulation in which the control variable is nt,












˙ St = −Aˆ l(nt)/Bt (4)
˙ Bt = bntBt (5)
St ≥ 0, ˙ St ≤ 0, ¯ n − nt ≥ 0, nt ≥ 0, and B0 , S0 given
First let us note that we must have ∀t ct > 0 hence lt > 0, so that the constraint
¯ n−nt ≥ 0 is never binding. This implies in turn that that st > 0, hence ˙ St < 0. Deleting
these constraints, we may write the Lagrangian of the problem as follows:






t ˆ l(nt) + νtbntBt + γn,tnt
Functions λ and ν are costate variables for the stock of physical resource units and for the
level of the eﬃciency index, respectively. The γ’s are multipliers for the non-negativity
constraint on R&D employment.




e−ρtAˆ l0 (nt) = λtAB−1
t ˆ l0 (nt) − νtbBt − γn,t (6)
5Even with a linear ELPF the production possibilities frontier is concave if there are decreasing returns
to scale in one of the two sectors (or both).Resource-augmenting R&D with heterogeneous labor 8
together with the complementary slackness condition:
γn,t ≥ 0 and γn,tnt = 0
In fact we study trajectories with strictly positive R&D investment nt > 0 so that γn,t = 0.
The dynamics of the costate variables λt and νt must satisfy:
˙ λt = 0 ⇒ λt = λ (7)
˙ νt = −νtbnt − λAˆ l(nt)/B2
t (8)
and the transversality conditions at inﬁnity:
lim
t→∞
λSt = 0 and lim
t→∞




St = 0 and lim
t→∞
νt = 0
since the resource has a positive value λ > 0, and the stock of knowledge is non decreasing.
Deﬁning ht = λSt −νtBt and diﬀerentiating it with respect to time, using (7), (4) and
(8), we get
˙ ht = 0 ⇒ ht = h0, t > 0
By (9) we have that limt→∞ ht = 0, implying that ∀t ≥ 0 ht = 0, i.e.:
λSt = νtBt (10)
We have established that the values of the two stocks should be always equalized.
3 The dynamics
Let us make use of the following deﬁnitions in the aftermath of the analysis:
- Eﬀective resource stock: Rt ≡ BtSt.Resource-augmenting R&D with heterogeneous labor 9
- Elasticity of the eﬀective labor possibilities frontier: σ (nt) ≡ −
ˆ l0(nt)
ˆ l(nt) nt > 0
- Elasticity of the opportunity cost of R&D: η (nt) ≡
ˆ l00(nt)
ˆ l0(nt) nt > 0.





In order to characterize the dynamics of the system, we need to obtain the two functions
deﬁning the phase diagram in the (R,n) plane. First we determine and analyze the
schedule ˙ R = 0, then we turn to the locus ˙ n = 0.
By deﬁnition of Rt, taking logs and diﬀerentiating with respect to time, then using (4)







Hence the schedule ˙ R = 0 is given by the function nR (R), deﬁned implicitly by:
























bR − Aˆ l0 (n)
< 0




(where ˆ l(n)/n is the slope of the radius form
the origin to ˆ l(n)), so that:
- R → 0 ⇒ ˆ l(n)/n → 0, i.e. n → ¯ n along nR ;
- R → ∞ ⇒ ˆ l(n)/n → ∞, i.e. n → 0 along nR ;
Finally, ∂G/∂R > 0 implies that once on nR (R), if R is reduced, holding n constant
(i.e. below the schedule), then ˙ R < 0, and vice versa on the North-East of the scheduleResource-augmenting R&D with heterogeneous labor 10
˙ R > 0.
To specify the dynamics of R&D employment we use the ﬁrst order condition (6),
constraints given by the Leontief technology for production, the dynamics of the eﬀective
stock of resource as given by (11) and the deﬁnitions of R, σ, η and X. This procedure
allows us to deﬁne the law of motion of n as function of n itself and R (in fact X depends










εσ (nt) − bXt
1−bXtη (nt)
(12)




= 0 ⇔ F (R,n) =
bnt







− ρ = 0 (13)


















which is negative because ˆ l0 < 0 and σ > 0. When diﬀerentiating F with respect to n,












The sign is determined knowing that η > 0, X < 0, b > 0, σ > 0, n > 0.






















We also have that ˙ n < 0 North-West of the nn schedule and vice versa n increases
South-East of the schedule. In fact, starting from a point on the nn schedule, hold R con-
6For the details see appendix A.1.Resource-augmenting R&D with heterogeneous labor 11
stant and increase n. This change implies F > 0 since ∂F/∂n > 0, i.e. bn(1 + 1/σ)/(1 − bX) >
ρ which with (12) determines ˙ n < 0.
From (11) at steady state we have:
bn∗ =
Aˆ l(n∗)
R∗ ⇒ R∗ =
Aˆ l(n∗)
bn∗

















⇔ n∗ = (1 − bX∗)




















In terms of consumption, we know from (17) in appendix A.1 that consumption moves in
the opposite direction of R&D employment, n.
The fact that R&D eﬀort is an increasing function of the rate of preference for the
present may appear at ﬁrst puzzling. R&D activity entails the accumulation of resource-
augmenting technological knowledge. It therefore constitutes a form of saving. According
to (15) a relatively impatient society optimally saves more (and consumes less). This result
reﬂects feasibility constraints. In fact in order to maintain a steady ﬂow of consumption,
a constant ﬂow of resource inputs in eﬃciency units is required (due to the Leontief pro-
duction function). At steady state the ﬂow of extracted resource in physical units declines
at the same rate as the stock of natural resource, i.e. at rate ρ according to the optimal
trajectory determined above (the Hotelling rule). As a result it is necessary to increase
the eﬃciency index for natural resource inputs at that same rate. R&D employment must
be set at n∗ to obtain ˙ B/B = ρ and keep the eﬀective stock of resource, R, constant. InResource-augmenting R&D with heterogeneous labor 12
a relatively impatient society it is eﬃcient to deplete at a faster rate the physical stock
of natural resources. This calls for the same society to devote relatively many workers to
R&D to cope with increasing natural resource scarcity.
Pulling together previous results we can draw the phase diagram in ﬁgure 2. There
exists a unique saddle path stable equilibrium. Along the stable arm :
- If R0 < R∗, society invests in resources more than at steady state (i.e. n > n∗),
keeping consumption below its steady state level (i.e. c < c∗). During the transition,
the eﬀective resource stock is increased by improving productivity, R&D employment
is reduced, and consumption grows.7
- If R0 > R∗, society invests in resources less than at steady state (i.e. n < n∗),
enjoying consumption above its steady state level (i.e. c > c∗). During the transition,
the eﬀective resource stock is reduced because of slow productivity improvement,
R&D employment increases, and consumption declines.8
A ﬁrst ﬁnding concerns the fact that at steady state the key variable ruling the dy-
namics of the system, i.e. R&D employment, is independent of the shape of the ELPF.
The latter may only matter in terms of levels of consumption and eﬀective resource stock
at steady state. However it does so only through the level eﬀect of the frontier, i.e. how
steady state R&D employment determines a level of eﬀective labor in production ˆ l(ρ/b).
Hence we can conclude that the shape of the ELPF does not aﬀect the economy in the
long term.
We can therefore state that the shape of the ELPF plays a role, if any, only in the
short and medium term. We can in fact expect the transition toward steady state to
depend upon the form of the ELPF, since the slope of the latter provides a measure of the
opportunity cost of R&D. To check for this possibility we run simulations of the transition
period, and compare the results obtained for diﬀerent values of the elasticity of the ELPF.
7The fact that resource-poor economies perform relatively more R&D is similar to the result obtained
by Tsur and Zemel (2005).
8The non-negativity constraint on n could bind in the early phase of the transition.Resource-augmenting R&D with heterogeneous labor 13
Let us brieﬂy describe the technique used for the simulation. We apply the numerical
procedure of backward (or reverse) shooting, as proposed by Brunner and Strulik (2002).
Starting from a point suﬃciently close to the stable arm at the steady state,9 the procedure
solves the system of non-linear diﬀerential equations, (11) and (12), backwards for an
endogenous number of periods (T) until the initial condition is satisﬁed (RT = R0). This
is done by changing the sign of the two diﬀerential equations.10
The following explicit form for function ˆ l(n) has been used for the simulations:






for n ∈ [0, ¯ n] , ω > 1
implying ˆ l(0) = ¯ l, ˆ l(¯ n) = 0, ˆ l0 = −ω¯ l
  1
¯ n




is negative if ω > 1, σ = ω (n/¯ n)
ω /[1 − (n/¯ n)
ω], and η = ω − 1. For the baseline case,
parameters’ values are set at ρ = .2, ε = 1.5, ¯ l = 4, ¯ n = 4, b = .1, A = 1.11
Simulations allow us to perform comparative dynamics exercises. We have done this to
study the role of the elasticity of the ELPF, in determining the transition of the system.
To make the cases comparable, we adjust the maximum eﬃciency units of labor available
for R&D, ¯ n, to ensure that all economies reach the same steady state, that is the same
point on the ELPF.12 This ensures in particular that the economies converge to the same
level of per-capita consumption.
9The starting point for running the numerical procedure is set by taking a step away from the steady
state in a direction dictated by the eigenvalues of the linearized system around the steady state. The
linearization of the dynamic system is presented in appendix A.2.
10Backward (or reverse) shooting is eﬃcient because it exploits the properties of saddle-path dynamics.
Namely, by changing signs the stable manifolds becomes the unstable one, and as such it attracts all
divergent paths (see Judd, 1998, p. 358-59). Hence mistakes in the choice of the starting point for the
numerical procedure (i.e. away from the true manifold) will be corrected by allowing for a suﬃcient long
transition.
11We have set a loop on values of ω and run reverse shooting procedure, targeting initial values of
R deviating x% from steady state values. A guess for the time horizon is given to run the procedure,
although the procedure itself determines endogenously the length of the interval of time necessary to
attain the targeted level of R. The guess plays an important role to ensure convergence of the procedure.
Unfortunately the time horizon changes swiftly with the value of parameter ω. To make the guess then we
use statistical inference from the time horizons found endogenously by the procedure for previous values
of the parameter ω. (We thank Fabrice Collard for suggesting this procedure).
12Given that eﬀective labor in production is l
∗ = ¯ l[1−(ρ/b¯ n)
ω] at steady state, they are invariable with
respect to ω if ¯ n = ρ/[b(1 − l
∗/¯ l)
1/ω].Resource-augmenting R&D with heterogeneous labor 14
Figure 3 reports results for economies with high (ω = 4/3 dashed line) and low (ω = 4
continuous line) elasticity of substitution. In the North-West panel the ELPF are repre-
sented, with circles indicating the steady state employment bundle. The comparison is
performed between two economies that have diﬀerent possibilities sets. In particular the
relatively ﬂexible economy (dashed ELPF) is characterized by a lower opportunity cost of
R&D in terms of forgone inputs to production. Hence it is not surprising to ﬁnd that the
ﬂexible economy performs relatively more R&D over the transition if it needs to accumu-
late eﬀective resources, and less R&D if it is endowed with too much of it. This can be
seen from the stable arm in the phase diagram depicted in the North-East panel of ﬁgure
3: for any given negative deviation of the stock of eﬀective resource from its steady state
value, R&D is farther from its long term level in the most ﬂexible economy, and vice versa.
As a consequence, transition to the steady state is much faster in the ﬂexible economy.
As illustrated in the South-East panel, the ﬂexible economy takes about half of the time
than the less ﬂexible economy to eliminate its gap in eﬀective resource stock. Starting
with the same level of eﬀective resource and reaching faster its steady state level, requires
a relatively important eﬀort in R&D during the transition. All this translates in relatively
rapid change in consumption, i.e. higher growth rate of per-capita consumption in an
economy accumulating eﬀective resources, and vice versa faster decline in consumption in
an economy starting with too much eﬀective resource.
Our analysis proves that the scarcity of R&D inputs plays an important role in shaping
the possibilities for the economy to cope with the scarcity of natural resources only during
the transition phase. This result reﬂects our understanding, and our choice of formaliza-
tion, of scarcity of R&D inputs as a problem of ﬂexibility in the allocation of the labor
force. As a result scarcity only matters when the system is undergoing change, so that
labor needs to be relocated across sectors, and does not matter instead when the system
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4 Policy analysis
Public policy or structural change can modify the eﬀective labor possibilities frontier. We
restrict the scope of possible modiﬁcations of the ELPF to those that implicitly model a
trade-oﬀ. For instance in the case of a policy increasing the potential eﬀective labor in R&D
(i.e. an Eastward shift), we assume it also entails a reduction in the maximum eﬀective
labor in production (i.e. a Southward shift). Our approach keeps the formalization of the
cost of public policy in an implicit form to be coherent with the aggregate nature of our
analysis.13
The ﬁrst type of policy allows society to shift outward the frontier by increasing the
size of the labor force, but leaving unchanged the level and distribution of skills (see
ﬁgure 4 panel a for an illustration). Demographic, labor participation and immigration
policy enter in this category. Here the implicit cost implied by the outward proportional
shift of the ELPF lies in the increased relative scarcity of the natural resource, as S0
and B0 are unchanged. The second class of policies entails an expansion of the ELPF
toward eﬀective R&D labor inputs, but shrinking away from production (ﬁgure 4 panel
b). This shift would result for example from subsidies to higher education and training.
The cost of such a policy is measured by the reduction of the maximum potential eﬀective
labor in production, which results of the smaller labor participation rate due to longer
education. Finally a third type of policy would reduce the concavity of the ELPF by
improving workers’ ability to adapt to diﬀerent tasks (ﬁgure 4 panel c). Greater ﬂexibility
of the labor force being a desirable change, we formalize its implicit cost in the form of
a loss of productivity for uniform allocations of labor across tasks. The meaning of this
assumption is that greater ﬂexibility is obtained by lowering attaintment requirements to
educate a larger fraction of the population. We are assuming a quantity-quality trade-oﬀ
in education. More precisely, this kind of shift would result from modifying a system of
13Making the cost of public policy explicit would require the deﬁnition of a technology for modifying the
shape of the ELPF, including ﬁnancial constraints (should we allow for public deﬁcit ﬁnancing?), delays
(how long would it take for one generation’s investment in higher education to translate into an Eastward
shift of the ELPF?), the nature of costs (does investment require human capital and of which kind, or
natural resources, or output?). Introducing these modelling assumptions at this stage of the analysis seems
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specialized (high-quality) education of few selected students for each possible on-the-job
task, into a system of general (lower-quality) education of the mass of students across all
possible on-the-job tasks. Possible examples of such policies are provided by public targets
with emphasis on high-school graduation rates.
To perform comparative statics exercises at steady state we adopt a more explicit
framework to analyze the determinants of the shape of the ELPF. These determinants
are illustrated in ﬁgure 5. They include the size of the labor force (South-West panel),
its ability in providing eﬀective labor inputs to production (North-West panel) and to
R&D (South-East panel). We deﬁne the function transforming raw units of labor in
production, L, into eﬀective units of labor in production, l, as the ranking function l =
kl (L;θ). θ is a vector of parameters, including the variables that will change in the policy
experiments, in particular population size and the distribution of productive skills across
the labor force. The corresponding concept for the R&D sector is the ranking function
n = kn (N;θ), where N measures raw labor inputs in R&D. It will be assumed that both
ranking functions are concave: k0
l > 0, k00
l ≤ 0 and k0
n > 0, k00
n ≤ 0. This assumption
means that comparative advantage ranking (the ELPF) is based on a strict ranking in
terms of absolute advantage. In other words, strict concavity of the two ranking functions
implies that there is perfect negative correlation between productivity across individuals,
as the most performing researcher is the worst productive worker, and vice-versa the best
productive worker is the least performing researcher. We make use of this restrictive
assumption for the analysis in the second and third policy experiments but not for the
ﬁrst one.
4.1 Demographic policies
Let us consider two economies that diﬀer only in the size of their population and labor
force (assumed equal for simplicity). The obvious consequence is that the most populated
economy starts with less per-capita eﬀective resources, since B0S0 is initially identical
across the economies. We want to know if the most populated one initially invests more in
R&D or extracts less natural resource in per-capita terms, and wether the two economiesResource-augmenting R&D with heterogeneous labor 17
converge to the same or diﬀerent steady states in the long term.
To answer these questions we need to restate the social planner problem, taking into
account the size of the population, P. First let us formalize the role of this parameter P
in determining the ELPF. Figure 6 illustrates the impact of an increase in population size.
The raw-labor constraint shifts outwards (South-West panel), while the ranking functions
are subject to a proportional shift, because the distribution of skills across the two popu-
lations is identical. Formally this is stated in the property of homogeneity of degree one
of the ranking functions with respect to parameter θ = P: for α > 1 kl (αL;αP) = αl and
kn (αN;αP) = αn. This is just an application of the replication principle, arguing that
increasing the population by a factor α, without altering the distribution of skills, if the
economy keeps unchanged the shares of labor allocated to each sector, the eﬀective units
of labor in the two sectors are increased by the same factor α (case illustrated by the shift
from point 0 to point 4 in the North-East panel of ﬁgure 6).
The ELPF shifts outward proportionately to factor α, with ¯ n and ¯ l increasing by this
factor, but its elasticity is unchanged. The new ELPF l = ˆ l(n;α) is characterized by the
property that for any given level of R&D input ˜ n in the normalized ELPF with α = 1
we get ˜ l = ˆ l(˜ n;1) ≡ ˆ l(˜ n), while with the new ELPF we increase by α > 1 times eﬀective
labor input in production if and only if α more eﬀective labor is employed in R&D, i.e.
α˜ l = ˆ l(α˜ n;α) thus ˆ l(α˜ n;α) = αˆ l(˜ n;1) ≡ αˆ l(˜ n). It follows that aggregate consumption
is given by Ct = Aˆ l(α˜ nt;α) = Aαˆ l(˜ n), requiring eﬃcient extraction of natural resources
equal to ˙ St = −Aˆ l(α˜ nt;α)/Bt = −Aαˆ l(˜ n)/Bt, and per-capita consumption ct = Ct/α =
Aˆ l(α˜ n;α)/α = Aˆ l(˜ n).
We can use these transformations to restate the social planner problem. We ﬁnd
that the objective function is unchanged (so long as the social planner is interested in
welfare of the representative agent), while the two laws of motion (4) and (5) are scaled
by parameter α > 1, since the eﬀective labor input in R&D is now n = α˜ n (by deﬁnition
of ˜ n). The ﬁrst order condition with respect to ˜ n is the same as (6), but for the scale
factor α multiplying its right-hand-side only. The phase diagram is slightly modiﬁed
since now it is characterized by ˙ Rt = α

b˜ ntRt − Aˆ l(˜ nt)

= 0 instead of (11), and byResource-augmenting R&D with heterogeneous labor 18
d˜ nt/dt = [ρ − bα˜ nt (1 + 1/σ)/(1 − bXt)] ˜ nt/[εσ − ηbXt/(1 − bXt)] = 0 instead of (12).
The steady state of the system is deﬁned by ˜ n∗ = ρ/bα, R∗ = Aˆ l(˜ n∗)/b˜ n∗, c∗ = Aˆ l(˜ n∗).
Translating these results in eﬀective units of labor in R&D and production, using the new
parameterized ELPF we obtain that at steady state:






αˆ l(˜ n∗) =
A
ρ




c∗ = Aˆ l(˜ n∗) =
A
α




We conclude that R&D eﬀort is held constant, employing the same quantity of eﬀective
units of labor as in the less populated economy.
Constant eﬀective R&D input entails an expansion in per-capita steady state consump-









since α > 1 and ˆ l0 < 0. This result is based on the process of relocation of labor
from R&D sector to production, as illustrated in ﬁgure 6. The expansion in eﬀective labor
input in production can be decomposed in three stages. First, holding the quantity of
raw labor employed in R&D constant, labor force expansion entails an increase in raw
labor devoted to production, and therefore of eﬀective units of labor in production for the
original ranking function (arrow 1). Next, in order to keep constant eﬀective units of labor
in R&D it is suﬃcient to employ less units of raw labor, since a larger mass of relatively
productive researchers is available (arrow 2). A larger population implies higher average
productivity of a given share of the labor force aﬀected to R&D. This “labor deepening”
eﬀect is at work only in the case of imperfect substitutability of labor. Finally the in-
creased number of productive workers in production implies that for any given quantity of
raw labor employed in production, more units of eﬀective labor are provided into produc-
tion (arrow 3). This property translates a labor deepening eﬀect similar to the previous
one, resulting from the concavity of the ELPF. Overall eﬀective labor in production shifts
upwards from point 0 to point 3, while an expansion proportional to that of population
size is represented by the vertical distance between points 0 and 4.Resource-augmenting R&D with heterogeneous labor 19
That a more populated economy may in the long term aﬀord a larger ﬂow of per capita
consumption may seem surprising in a resource constrained economy. This result depends
on three crucial assumptions. First knowledge is a perfect substitute for natural resources,
all that matters being the eﬀective stock of resource Rt = BtSt. Second, knowledge
accumulation rests on a steady ﬂow of eﬀective labor input in R&D, whose opportunity
cost falls with the size of the labor force. This is due to the presence of a scale eﬀect
in aggregate R&D, of the same kind as discussed in the literature on growth theory (see
Jones 1995, Young 1998, Li 2000). Third, heterogeneity across workers in their research
ability implies that labor productivity in R&D is inversely related to the share of this
sector in the labor market. This is a sort of “labor deepening” eﬀect, an original feature
of our analysis. Of course for a given amount of initial eﬀective resource stock, a larger
population implies lower per capita consumption at the beginning of the transition period.
There is a trade-oﬀ between initial and steady state per capita consumption.
4.2 Higher education
In this section we consider policies that increase the productivity of labor in research
activity, such as investment in higher education. This policies give rise to a Eastward shift
of the ELPF. As mentioned already we restrict attention to cases where policy is costly.
Here we assume that improving the productivity of labor in R&D requires a reduction of
labor productivity in production. This kind of cost can be rationalized as the consequence
of the relocation of budgetary funds out of vocational training into higher education, such
as university education.14
To formalize this idea we assume that at a given population, P (normalized to unity),
the maximum eﬀective labor input to R&D, ¯ n, increases but the maximum eﬀective la-
bor input to production labor, ¯ l, falls. Let us denote by θ = U the parameter measur-
ing eﬀort in higher education. Then our assumption imposes that, for U1 > U0, ∀L
14A realistic trade-oﬀ is given by the the fall in the participation rate to the labor force due to longer
education. We do not present this case, because it entails two eﬀects of diﬀerent nature. First, the beneﬁcial
Eastward shift of the ELPF. Second an asymmetric inward shift of the labor constraint in the South-West
panel. The ﬁrst eﬀect is studied in this subsection, while the second is analogous (but reversed) to the
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kl (L;U1) < kl (L;U0) and ∀N kn (N;U1) > kn (N;U0). The impact of the shifts in the
ranking functions on the ELPF imply that ∃˘ n pivotal such that ˆ l(n;U0) > ˆ l(n;U1) ∀n < ˘ n
and ˆ l(n;U0) < ˆ l(n;U1) ∀n > ˘ n. We assume that there is no change in the elasticity of the
ELPF, to be able to distinguish among diﬀerent eﬀects. Figure 7 illustrates these eﬀects.
Notice ﬁrst that the qualitative and formal features of the social planner problem are
invariant with respect to U. It follows that the solution determined in section 3 applies to
this case, at least if ¯ n > ρ/b. Thus the eﬀect of an increase in U depends on the position
of the pivotal level of R&D eﬀective input ˘ n relative to the steady state n∗ = ρ/b.
Consider ﬁrst the knife-edge case ˘ n = ρ/b. There is no eﬀect in the long run. The
transition is easier for an economy starting with too little eﬀective resources, i.e. R0 <
R∗. In fact in this case during the transition R&D is higher than at steady state. The
economy evolves along the Eastern section of the ELPF, which expands as a result of higher
education. The opportunity cost of R&D is reduced, so that more R&D is performed,
resulting in a faster transition to the steady state.
Let us now turn to the case ˘ n < ρ/b. In the long run the economy reaches the new
Eastern section of the ELPF. Figure 7 illustrates this case. At steady state less raw labor
needs to be devoted to R&D, given the spur in researchers’ productivity. As a consequence
more eﬀective labor is available for production, implying a larger steady ﬂow of per-capita
consumption. Investment in higher education is eﬀective in the long run because it allows
society to maintain the (constant) R&D eﬀort employing less raw labor. This is beneﬁcial
to the production sector which increases its employment of raw labor. Such a relocation
eﬀect dominates the reduced eﬃciency of raw labor in production activities. This is
illustrated in ﬁgure 7 by the fact that arrow 1 is longer than arrow 2. Furthermore, the
opportunity cost of R&D being reduced, the transition shall be faster.
Finally in the case ˘ n > ρ/b, the economy evolves on the Western part of the new ELPF,
which is strictly contained in the previous ELPF. At steady state the level of per-capita
consumption is reduced, because the relocation of labor from R&D to production is not
suﬃcient to counter the fall in eﬃciency of raw labor in production. Investment in higher
education is not worth in the long run. However it may be socially desirable because itResource-augmenting R&D with heterogeneous labor 21
accelerates the transition, by reducing the opportunity cost of R&D.
4.3 General versus specialized education
Increasing the ﬂexibility of workers and their ability to adapt and perform in diﬀerent
tasks is seen as a major goal of training and education policy in the European Union. In
our model this kind of policy is formalized by a reduction of the elasticity of the ELPF.
Among other targets this policy aims at increasing the generational share of high-school
and university graduates. This objective may be (at least partially) achieved by lowering
the attainment requirements of diplomas. The other side of the coin of increased ﬂexibility
could therefore be found in lower quality of education received by the most promising
students (i.e. those who in any case are educated). The cost of providing general education
to a larger number of potential students is given by the lower skills acquired by the best
students in each ﬁeld of specialization (for a given length of curricula).
In our model this cost is represented by a change in the shapes of the two ranking
functions. Formally, let us consider parameter θ = G measuring the degree of generality
of education. Then ∃ ˘ N, ˘ L such that for G1 > G0 ∀L < ˘ L kl (L;G1) < kl (L;G0) and
∀N < ˘ N kn (N;G1) < kn (N;G0). This cost pays oﬀ in terms of the upward shift of the
ranking functions, as ∀L > ˘ L kl (L;G1) > kl (L;G0) and ∀N > ˘ N kn (N;G1) > kn (N;G0).
These shifts and their consequences on the ELPF are illustrated in ﬁgure 8.
In the long run reducing the specialization of the education system to improve the
ﬂexibility of the labor force is a strategy that increases the ﬂow of per-capita consumption
if and only if at steady state the economy rests on those portions of the expanded ELPF,
that is its extrema. In particular, in the long run the policy is useful if R&D activity
needs to be very high, so much so that workers characterized by very low productivity in
research need to be employed at this task. It may then be beneﬁcial to have a policy that
increases their productivity, even though it reduces that of best researchers. Similarly, if
in the long run only very little R&D needs to be performed, it is useful to prepare workers
who could be very productive researchers, to be eﬀective in production tasks.
Otherwise, when the economy shall rest at a steady state with a relatively balancedResource-augmenting R&D with heterogeneous labor 22
allocation of workers to tasks, the policy is costly in the long run since it reduces the ﬂow
of per-capita consumption. This is the case depicted in ﬁgure 8, where more raw labor
needs to be employed in R&D at steady state and furthermore the average productivity
of workers employed in production falls.
In any case the greater ﬂexibility of the labor force reduces the opportunity cost of
R&D, favoring a faster transition to the steady state. In fact general education allows soci-
ety to employ more eﬃciently labor at diﬀerent tasks, during the transition when workers
continuously relocate across sectors. General education can therefore be justiﬁed on nor-
mative grounds even in the event of negative long term consequences, for an appropriately
high social rate of discount.
5 Conclusion
The objective of this paper was to clarify how the scarcity of human resources for research
modiﬁes the socially eﬃcient strategies for overcoming the scarcity of natural resource
inputs through dedicated R&D eﬀort. A meaningful and operational deﬁnition of human
resource scarcity is proposed with our notion of eﬀective labor possibilities frontier (ELPF).
The shape of this frontier summarizes at once the size of the labor force, the distribution of
skills over the population, and thus the opportunity cost of R&D in terms of forgone inputs
to production. A linear ELPF illustrates the case of perfectly substitutable workers, which
is the only case so far considered in the literature on natural resource economics and on
growth theory. A concave frontier results from the more general case of an heterogeneous
distribution of skills across the population, with eﬃcient allocation of workers according
to their comparative advantage.
We ﬁnd that the shape of ELPF aﬀects the economy during the transition phase to the
long-term equilibrium, but does not aﬀect its characteristics. This is due to the fact that
in the long-run the economy reaches a steady state where the allocation of labor between
sectors is constant. During the adjustment phase instead workers are relocated between
sectors, and therefore their ﬂexibility in performing diﬀerent tasks matters. More precisely
the opportunity cost of R&D changes. If the ELPF is characterized by a relatively lowResource-augmenting R&D with heterogeneous labor 23
opportunity cost of R&D activity (i.e. labor is ﬂexible) the transition is shorter. If the
economy is initially endowed with too little eﬀective natural resources, it is desirable to
sustain a relatively high rhythm of resource augmenting technological progress. Then a
ﬂexible labor force allows the planner to devote relatively more labor to R&D during the
transition, implying faster technological progress and growth of per-capita consumption.
The inverse is true for an economy endowed with an eﬀective resource stock in excess of
its optimal steady state level.
We have derived the policy implications of our framework. We have considered the set
of policies that permanently aﬀect the shape of the frontier. A proportional outward shift
could result of demographic expansion or immigration. This case allows society to beneﬁt
of a greater steady ﬂow of per-capita consumption in the long run. In fact, more labor can
be devoted to production (a scale eﬀect), and less workers need to be employed in R&D: a
larger labor force implies a larger number of eﬀective researchers available, increasing the
average productivity in R&D of a given percentile of the labor force (a labor deepening
eﬀect). This is an original feature of our analysis.
Education policies can also aﬀect the shape of the ELPF. We study the case of invest-
ment in higher education. It gives rise to a shift of the frontier increasing the availability
of researchers, but reducing workers’ productivity at least beyond a certain level of pro-
duction activity. We also analyze the case of a paradigm shift from specialized education
to general education. This shift reduces the degree of concavity of the frontier, improv-
ing workers’ ﬂexibility. Both of these education policies allow society to accelerate the
transition to their long term equilibrium. They may however entail a trade-oﬀ between
short term and long term objectives. For instance investing in higher education in a re-
source scarce economy would allow society to shorten the transition phase, but may prove
permanently costly if the long run R&D eﬀort is relatively low.
Overall it is shown that the ELPF represents a fruitful, and relatively easy to handle,
tool to perform policy experiments in previously unexplored, but quite topical, issues.Resource-augmenting R&D with heterogeneous labor 24
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A Appendix
A.1 Determining the locus ˙ n = 0 in the concave ELPF case
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We have therefore determined the law of motion of n as function of n and R as given in (12). To
study the slope of the ˙ n = 0 schedule, we need to explore how F deﬁned in (13) depends on n andResource-augmenting R&D with heterogeneous labor 27

















which is negative because ˆ l0 < 0 and σ > 0. When we diﬀerentiate F with respect to n, we need
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˙ R ≡ f1 (R,n) = bnR − Aˆ l(n)
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where time subscripts have been dropped. To linearize the system around the steady state it is
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Of course f1 (R∗,n∗) = f2 (R∗,n∗) = 0, by deﬁnition of R∗ and n∗. Before computing the partial
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∂n = − 1
nXη. Using this and again

































































Hence the linearized system can be computed as
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meaning that the eigenvalues are real and of opposite sign. We can conclude that the steady state
is characterized by saddle-path dynamics.
A.3 Fully specialized labor
Suppose that there are only two types of workers in ﬁxed supply :
• production workers, available in supply ¯ l (in eﬀective units), each one able to produce A
units of output, but unable to do research ;Resource-augmenting R&D with heterogeneous labor 30
• ¯ n researchers (in eﬀective units), able to do research but unable to produce.






In fact there is no point in employing less than ¯ n workers in R&D, because there is no opportunity
cost to this activity. Hence resource eﬃciency is in this case an exogenous variable evolving over
time according to:
Bt = B0eb¯ nt (18)










e−b¯ nt¯ l (19)
Recall the static eﬃciency condition (2). It implies strict equality in (19). This gives:












Steady state Along a steady state path consumption is constant. From (2) and (20) we know
that c = Al, where the policy variable l is constrained by
1. l ≤ ¯ l, and
2. l = Btst/A = (B0/A0)eb¯ ntst.
The latter constraints the extraction path, which must however be compatible with the available
quantity of resource. Assuming that from some date T ≥ 0 onward the economy follows the steady
state path, then the quantity of resource ¯ S consumed over [T,∞] is:


















Hence, for the economy to follow a steady state path with c = Al from T onwards, it is necessary
that ST ≥ ¯ S (T,l).Resource-augmenting R&D with heterogeneous labor 31















Optimality We set the social planner problem and derive the conditions for dynamic eﬃciency
over the transition. The detailed derivation is presented in appendix A.5.
The problem can be stated as follows:

                       







1−ε dt + V (T,l)
ct = Btst (= Alt) Leontief
Bt = B0eb¯ nt specialized labor
st ≥ 0 extraction
˙ St = −st law of motion
S0 given, St ≥ 0
ST = S0 −
R T
0 stdt non renewable resource






¯ l − l ≥ 0 labor constraint
st ≤ A¯ l/Bt labor constraint + Leontief eﬃciency
T ≥ 0 free
¯ S (T,l) = [(Al)/(B0b¯ n)]e−b¯ nT exhaustion requirement
ST ≥ ¯ S (T,l) terminal curve (if equality holds)
(P)






1−ε − λtst + γ

e−b¯ ntA¯ l/B0 − st

+ µ
¯ l − l

where we have deﬁned the costate variable λt, and the multipliers of the constraint on on eﬀective
labor availability over the transition, γ, and at steady state, µ. The non negativity constraint on
extraction is omitted because zero consumption is never optimal.










t e−[ρ+(ε−1)b¯ n]t 1












if γ > 0 i.e. lt = ¯ l
(25)
The extraction path depends on resource scarcity (through λt) and potentially on scarcity of
eﬀective labor in production which may limit the usefulness of resource extraction (through γ). In
fact, because of the Leontief production function we know that if γ > 0, i.e. if lt ≤ ¯ l is binding,
there is no point in extracting more than st = e−b¯ ntA¯ l/B0. This condition helps deﬁning γt.
The Euler condition imposes that:
˙ λ = −
∂H
∂S
= −0 ⇒ λ constantResource-augmenting R&D with heterogeneous labor 32
The complementary slackness condition is given by:
γt

e−b¯ ntA¯ l/B0 − st

= 0 and γt ≥ 0
Analysis We proceed as follows. First, we determine the optimal transition path, taking as given
T, l, and neglecting the labor constraint lt, l ≤ ¯ l (i.e. as if ¯ l = ∞). Next we consider how the
solution is aﬀected by the labor availability constraint. Finally we explore the optimal steady state
T and l.
If a transition to the steady state is optimal, then it takes place in a smooth process15. Taking l
and T as given, and assuming γ = 0, we solve for the extraction path and deduce the value of λ,
assuming that all resource is used (i.e. λ > 0).
To obtain λ as function of l and T when γ = 0 we impose that all the resource stock available
during the transition is exhausted by date T:








[ρ + (ε − 1)b¯ n] > 0














The value of the resource stock λ is a decreasing function of the optimal date of transition to
steady state T, and an increasing one of the level of consumption at the steady state, l.











1 − e−DT e−Dt (26)









1 − e−DT e− 1
ε[ρ−b¯ n]t (27)
The ﬁrst term in brackets measures the initial consumption potential of the cumulative resource
extraction during the transition.16 The other terms give optimal behavior reﬂecting both prefer-
ences (i.e. ρ and ε) and technological opportunities (i.e. b¯ n).
In summary, the transition to the unconstrained solution dictates exponentially increasing con-
sumption rate if b¯ n > ρ, and vice versa decreasing if b¯ n < ρ. This is illustrated in ﬁgures 10 and
11.
15This is shown in appendix A.5, where the necessary conditions for a solution are explicitly obtained.
16Cumulative extraction is
R T
0 stdt = S0 −
Al
B0b¯ ne
−b¯ nT, which entirely converted into consumption at
date 0 could give B0S0 −
Al
b¯ ne
−b¯ nT units of resource, if not because of constraints due to complementary
labor inputs.Resource-augmenting R&D with heterogeneous labor 33
Suppose that the transition lasts forever, i.e. T = ∞. In this case the solution is
˜ st = DS0e−Dt and ˜ ct = DB0S0e− 1
ε[ρ−b¯ n]t (28)
which is in fact very close to the usual cake-eating case. The only diﬀerence lies in the eﬀective
discount rate which here takes into account the (exogenous) rate of improvement in resource
eﬃciency. In fact setting b¯ n = 0, ˜ st and ˜ ct give the canonical solution to the cake-eating problem.
Let us consider now how the constraint on labor supply, lt ≤ ¯ l, may aﬀect the solution for the
transition (in the case T = ∞). First suppose that technological opportunities are high enough,
i.e. b¯ n > ρ, so that the desired proﬁle of consumption, ˜ ct, increases indeﬁnitely. In this case any
ﬁnite constraint on labor supply eventually becomes binding. Let ˜ t be the date at which ˜ ct meets
the constraint, i.e. ˜ ct = A¯ l which gives ˜ t ≡ [(b¯ n − ρ)/(εD)]A¯ l/B0S0 using (28). The consumption
rate is constrained at level ct = A¯ l, ∀t ≥ ˜ t. Compared to the unconstrained case cumulative
consumption after date ˜ t is much lower. Given the exogenous rate of technological progress, it
follows that a smaller stock of natural resources is used from date ˜ t onward. Precisely the stock
needed to sustain the constant ﬂow of consumption is S˜ t =
R ∞
˜ t ct/Btdt = e−b¯ n˜ tA¯ l/B0b¯ n instead
of e−D˜ tS0 necessary in the unconstrained case. This increased availability of resources to be used
before date ˜ t gives rise to a wealth eﬀect over period[0,˜ t). The planner will therefore choose to
increase the rate of consumption during the entire period. This is the case also for dates just before
˜ t, implying that the constraint ct ≤ A¯ l is met at some earlier date t∗ < ˜ t. The constrained paths
of extraction and consumption are depicted in ﬁgure 12.
In the case of a very impatient society or low technological opportunities, i.e. ρ > b¯ n, a similar
analysis applies. Here the constraint can bind at early times, that is for dates earlier than ˜ t in
ﬁgure 13. During the period [0,˜ t) less resources are used than in the unconstrained case. Hence the
problem of the planner from date ˜ t onwards is modiﬁed only because society is in this case endowed
at date ˜ t with a larger stock of resource than in the previous case. The optimal policy therefore
consists in choosing a higher path for consumption from ˜ t onwards. This strategy however entails
holding consumption longer at the constrained level up to some date t∗ > ˜ t. Because technology
improves at a constant rate and consumption is held constant over [˜ t,t∗), resource extraction shall
be reduced relatively slowly. This explains the kink in the extraction path, illustrated in ﬁgure 13.
We can now turn to the analysis of the optimal transition to the steady state. The consumption
path for the transition, ˆ ct from (27), results in a welfare function dependent on steady state policy
l and T:













































= 0 ⇔ cTu0 (c0) = −εe− 1
ε(ρ−b¯ n)Tu(c0) + e−(ρ−b¯ n)Tu(cT) (30)Resource-augmenting R&D with heterogeneous labor 34











From (27) we know that c0/cT = e
1
ε(ρ−b¯ n)T. A part for the special case of ε = 1 (for which
D = ερ), this path of consumption is incompatible with the rule above, unless T is set to inﬁnity
(i.e. a corner solution). We conclude that T = ∞ is optimal, and the steady state is never reached
in ﬁnite time.
Phase diagram analysis The transition can also be illustrated through phase diagram analysis.
While in the present case the control variable is only the consumption rate c, there are two stock
variables: the resource stock and eﬃciency index B. We therefore consider a composite state
variable Rt given by Rt ≡ BtSt deﬁned as the stock of eﬀective resource. Time-diﬀerentiating R,
using the law of motion of the stock of resource and (20) to substitute for the extraction rate s,
we get
˙ Rt = b¯ nRt − ct
which deﬁnes the locus ˙ R = 0 in the (R,c) space as the line c = b¯ nR. Above it R falls, and below
it R increases. Instead the sign of the dynamics of c depends only on the sign of b¯ n−ρ and not on
the value of R. Hence there are two diﬀerent phase diagrams according to whether b¯ n > ρ or vice
versa. In the former case, illustrated on the left panel of ﬁgure 14, consumption and R increase
to the constrained point where b¯ nR ≡ A¯ l (which deﬁnes ˜ R). In the opposite case of a relatively
impatient society, both consumption and the eﬀective resource stock diminish indeﬁnitely. For a
suﬃciently large initial stock of natural resource, consumption is kept as high as possible on the
constrained level c = A¯ l.
A.4 Perfectly substitutable labor
This section presents results obtained by Amigues et al. (2004). We assume a continuum of work-
ers, each one of measure 0, on the segment [0,1] with density 1 so that the labor force is equal to
1.
All the workers have the same characteristics and are perfect substitutes from each other. Each
worker can supply either ¯ l units of “production eﬃcient” labor or ¯ n units of “research eﬃcient”
labor. “Production eﬃcient” and “research eﬃcient” labor refer to human capacities either “nat-
ural” or resulting from a combination of “natural” characteristics and “educational” eﬀorts, not
explicitly taken into account in the present setting.
Since all the workers are the same and of measure 0, the labor allocation frontier in the (l,n)
space is given by:
l = ¯ l − µn with µ = ¯ l/¯ n
where l is the employment in the consumption good production sector measured in “production
eﬃcient” labor and n is the employment in the research sector measured in “research eﬃcient”
labor.Resource-augmenting R&D with heterogeneous labor 35










 ¯ l − µnt
1−ε
dt
˙ Bt = bntBt (31)
˙ St = −A
 ¯ l − µnt

/Bt (32)
¯ l − µnt ≥ 0 and nt ≥ 0
B0, S0 given






 ¯ l − µnt
1−ε
− λtA
 ¯ l − µnt

/Bt + νtbntBt + γtnt
and the ﬁrst order condition
∂Lt
∂nt
= −µA1−ε  ¯ l − µnt
−ε
+ λtµA/Bt + νtbBt + γt = 0 (33)
Remark: If nt > 0, then (33) may be rewritten as:
µA1−ε  ¯ l − µnt
−ε
= λtµA/Bt + νtbBt
A1−ε  ¯ l − µnt
−ε
= λtA/Bt + νtbBt/µ (34)
Ac
−ε
t = λtA/Bt + νtbBt/µ (35)
The dynamics of the costate variables are dictated by
˙ λt = ρλt −
∂Lt
∂St
⇒ ˙ λt = λ0eρt (36)
˙ νt = ρνt −
∂Lt
∂Bt




 ¯ l − µnt

(37)
Finally the transversality conditions are
lim
t→∞
e−ρtλtSt = λ0 lim
t→∞
St = 0 (38)
lim
t→∞e−ρtνtBt = 0 (39)
Remarks:
• (38) implies that limt→∞ St = 0 provided that λ0 > 0, that is S0 is valuable (ﬁnite and
useful);
• (39) implies that the discounted value of the stock of knowledge goes down to 0 at inﬁnity.
Equality of the values of the two stocks The stock of resource and the stock of knowledge
have the same value along the optimal path. Let
zt ≡ λtSt − νtBt
˙ zt = ˙ λtSt + λt ˙ St − ˙ νtBt − νt ˙ BtResource-augmenting R&D with heterogeneous labor 36
In this last equation, substituting
- for ˙ St its value −A
 ¯ l − µnt

/Bt given by (32);




 ¯ l − µnt

given by (37);
- for ˙ Bt its value bntBt given by (31);
we obtain
˙ zt = ρλtSt − λtA
 ¯ l − µnt






 ¯ l − µnt

Bt − νtbntBt
= ρ(λtSt − νtBt)
= ρzt
Hence the same proof as in Amigues et al. (2004, section 3.2) applies, to establish
λtSt = νtBt (40)
Fundamental optimality condition Let us diﬀerentiate (35) with respect to time
−εAc
−(1+ε)
t ˙ ct = ˙ λtA/Bt − λtA ˙ Bt/B2
t + ˙ νtbBt/µ + νtb ˙ Bt/µ
In this equation we substitute
- for ˙ λt its value ρλt given by (36);
- for ˙ Bt its value bntBt given by (31);



















t ˙ ct = ρ(λtA/Bt + νtbBt/µ) − λtAb¯ l/µBt
−εAc
−(1+ε)
t ˙ ct = ρAc
−ε
t − λtAb¯ n/Bt (41)
Using (40) we may rewrite (35) as follows
Ac
−ε
t = λtA/Bt + bλtSt/µ




t (1 + bBtSt/Aµ)
−1
In (41) let us substitute for λtA/Bt its above value
−εAc
−(1+ε)
t ˙ ct = ρAc
−ε
t − b¯ nAc
−ε
t (1 + bBtSt/Aµ)






































• For ¯ l = 1 and ¯ n = 1 (42) and (43) are nothing but the relationship obtained in Amigues et
al (2004);
• (42) and (43) are nothing but the equality of the instantaneous marginal rate of substitution
and the marginal rate of transformation, which must hold at each point of time along an
optimal path.
Regular paths and eﬃcient regular paths Let l and n be the constant employment levels
in respectively the production and the research sector along the steady state trajectory. We
deﬁne ¯ S (l,n) as the initial resource stock necessary to sustain such a steady state or regular
trajectory, provided that the consumption good sector be eﬃciently managed, that is provided
that Al = ebntB0st. Calculations in Amigues et al. (2004) show that
¯ S (l,n) =
Al
bnB0
assuming that the steady state is beginning at t = 0. If furthermore all the eﬃcient labor is used,
that is if l = ¯ l − µn, then we must have
S0 =
A




R0 = B0S0 =
A




A¯ l(¯ n − n)
b¯ n
(44)
Using (36) and (31), condition (34) can be written at steady state as
A1−ε  ¯ l − µn
−ε







A feasibility condition is that n∗ < ¯ n, that is ρ < b¯ n, hence









l∗ = ¯ l(b¯ n − ρ)/(b¯ n) (46)Resource-augmenting R&D with heterogeneous labor 38
Since c = Al, then




































Remark: Since n∗ does depend neither upon ¯ l, nor upon ¯ n, any increase in the labor endowments
has to be allocated to the consumption good production sector. But in order to have more people
working in the consumption good sector, since n∗ is constant, the society must have a larger initial





































b¯ n2 > 0
Phase diagram analysis We build the phase diagram in the (c,R) plane. Starting from (42)











˙ ct = 0 ⇔ Rt =
A¯ l(b¯ n − ρ)
ρb¯ n
(50)
which is nothing but the optimal regular value of R, i.e. (48).
In order to get the dynamics of Rt, let us diﬀerentiate Rt = BtSt with respect to time
˙ Rt = ˙ BtSt + Bt ˙ St
= bntBtSt − Btst
and since ct = Btst, we get
˙ Rt = bntBtSt − ctResource-augmenting R&D with heterogeneous labor 39
but ct = A
 ¯ l − µnt

, implying nt =
 













A¯ l − ct

A¯ l
Rt − ct (51)
Hence
˙ Rt = 0 ⇔ b¯ n
 
A¯ l − ct

Rt = ctA¯ l
⇔ ct =
A¯ lb¯ nRt
A¯ l + b¯ nRt
(52)
It easily checked that, in (52), substituting for R its value at the optimal steady state, we get
c = A¯ l(b¯ n − ρ)/(b¯ n), the value of c in the optimal steady state.
The dynamics of (ct,Rt) is determined by (49) and (52) and results in a phase diagram with the
qualitative feature depicted in ﬁgure 16.
A.5 Transversality condition for the problem with fully specialized labor
If we impose a smooth transition in terms of resource stock at date T :
ST = ¯ S (T,l) (53)
then the transversality condition is satisﬁed.
Under assumption (53), problem (P) can be formatted as an optimal control problem, with one
control variable, st, and one state variable, St, a scrap function, and free terminal date, T, and
stock, ST, (but lying on the terminal curve, condition (53) indeed).
In order to do this we must eliminate policy variable l. Using (23) and (53) together we have


















l ≤ ¯ l ⇒ Γ(ST,T) ≤ e−b¯ nT A¯ l
b¯ nB0
≡ ψ (T)Resource-augmenting R&D with heterogeneous labor 40
In what follows, we make use of the deﬁnitions
φ(t) ≡ e−b¯ nt A¯ l
B0
F (St,st,t) = e−[ρ+(ε−1)b¯ n]t(B0st)
1−ε
1 − ε
f (St,st,t) = −st







F (St,st,t)dt + Γ(ST,T)
˙ St = f (St,st,t) equation of motion
st ∈ [0,φ(t)] control variable
S0 given T free
ST ∈ [0,ψ (T)]
ST = ¯ S = sT
b¯ n terminal curve
where we have written the terminal curve using the condition for eﬃcient input employment with
a Leontief production function, namely:
Btst = Alt, t ≥ 0 ⇒ at T, sT = e−b¯ nTAl/B0
Function J (.) is the objective functional and Γ(.) the scrap value function.
We follow closely Tu (1991, pp. 114-116).
Write the scrap function as
































Since we are concerned with the extremum of the objective functional and Γ(S0,0) is a given
constant, we will drop this term in the following analysis.
Let us deﬁne the costate variable λt, and add to J (S) the term λ

f (.) − ˙ S

, to deﬁne an aug-





f (.) − ˙ S

dt = 0, the augmented objective functional takes the same value asResource-augmenting R&D with heterogeneous labor 41
















































where we have deﬁned the function G(.) and used the deﬁnition of Hamiltonian H (S,s,λ,t) ≡
F (S,s,t) + λf (S,s,t).
We can now obtain the necessary conditions for an extremum of Ja (S) with variable end-point
(ST,T) using the Calculus of Variations (see Tu, 1991 pp. 48-53, or Chiang, 1992 pp. 177-181).
Figure 17 depicts the optimal path of the stock of resource, S∗
t , from date 0 to the optimal date
T∗. And alternative path for the state variable, S0
t, is drawn, obtained with a perturbation on the
optimal policy, δst, entailing the displacement function ht (hence ˙ ht), and perturbations δλt on
the costate variable and δT on the terminal date. The segments identiﬁed by capital letters in the
ﬁgure can be mapped to our notations in the following manner
AC = hT DE = δST
AE = δT BC = − ˙ STδT
to get




 ⇔ hT = δST + ˙ STδT (56)








t + ht, ˙ S∗

























t + ht, ˙ S∗




















t + ht, ˙ S∗














t + ht, ˙ S∗
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t + ht, ˙ S∗



































where we have used the mean value theorem, setting θ ∈ (0,1), and the fact that ε → 0 as δT → 0
(entailing hT ∗, ˙ hT ∗ → 0).











































where we have set δS ≡ h for notational convenience.
Next we follow Tu (1991, pp. 116-118, 122-127) and Chiang (1992, pp. 177-182).
For the trajectory to be optimal, it must be that it implies an extremum for Ja (.), i.e. that any
arbitrary perturbation cannot increase it, i.e.
∆Ja (S∗) = 0 .
Because the perturbations δS, δs and δλ are arbitrary, for the requirement above to be satisﬁed it




















= 0 ∀t ∈ [0,T∗] ⇔ 18
˙ λ = −
∂H
∂S
17Recall that h0 = 0 because the initial point is ﬁxed.



















∂S2 ˙ S +
∂2Γ















∂S2 ˙ S −
∂2Γ
∂S∂t + ˙ λ =
∂H
∂S + ˙ λ.Resource-augmenting R&D with heterogeneous labor 43






∂s δsdt = 0 ∀δs ⇔ ∂G










∂λδλdt = 0 ∀δλ ⇔ ∂G
∂λ = 0 ∀t ∈ [0,T∗] ⇔20
˙ S = f (S,s,t)






























δT = 0 (59)
the general expression of the transversality condition for a problem with free terminal point.
In our case however, the ﬁnal stock and the terminal date are linked by the terminal curve.






= −e−b¯ nT Al
B0
= −e−b¯ nT Al
B0
= −b¯ n¯ S = −b¯ nST ⇒ δST = −b¯ nSTδT






























which is satisﬁed under condition (53).22









∂λ − ˙ S = f (S,s,t) − ˙ S.
21By deﬁnition of G(.), we have that
∂G
∂ ˙ S = −λ+
∂Γ
∂S, so that G(.)−
∂G
∂ ˙ S

























−[ρ + (ε − 1)b¯ n]e
−(ρ+(ε−1)b¯ n)T (b¯ nB0ST )1−ε
ρ(1−ε) , so that substituting, the expression above becomes
e
−(ρ+(ε−1)b¯ n)T (b¯ nB0ST)
1−ε
ρ
b¯ n−λTb¯ nST = e
−(ρ+(ε−1)b¯ n)T (b¯ nB0ST)
1−ε
1 − ε
−λTb¯ nST−[ρ + (ε − 1)b¯ n]e
−(ρ+(ε−1)b¯ n)T (b¯ nB0ST)
1−ε
ρ(1 − ε)




















˙ n = 0
















Figure 2: Phase diagram for the case with concave eﬀective labor possibilities frontier.Resource-augmenting R&D with heterogeneous labor 45












Effective labor possiblities frontier













Stable arm in transformed phase diagram

























































































































































































































































Figure 13: Extraction and consumption paths of constrained transition, case ρ > b¯ n.
Figure 14: Phase diagram: case b¯ n > ρ (left) and case ρ > b¯ n (right).
Figure 15: Eﬀective labor and production possibilities frontiers with perfectly substitutable
labor.
Figure 16: Phase diagram for the case with linear eﬀective labor possibilities frontier.
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Figure 15: Eﬀective labor and production possibilities frontiers with perfectly substitutable
labor.Resource-augmenting R&D with heterogeneous labor 54
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˙ c = 0








Figure 16: Phase diagram for the case with linear eﬀective labor possibilities frontier.
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Figure 17: A perturbation in a variable end point optimal control problem.